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We describe in-medium properties of hadrons in dense matter near chiral restoration using a Wilso-
nian matching to QCD of an effective field theory with hidden local symmetry at the chiral cutoff
Λ. We find that chiral symmetry is restored in vector manifestation a` la Harada and Yamawaki at
a critical matter density nc. We express the critical density in terms of QCD correlators in dense
matter at the matching scale. In a manner completely analogous to what happens at the critical Ncf
and at the critical temperature Tc, the vector meson mass is found to vanish (in the chiral limit) at
chiral restoration. This result provides a support for Brown-Rho scaling predicted a decade ago.
Following recent developments on hidden local symme-
try [1] and color-flavor locking [2] in the hadronic sector,
Brown and Rho proposed [3,4] that the vector manifes-
tation (VM) scenario of Harada and Yamawaki [1] for
the realization of chiral symmetry in strongly interacting
systems which was shown to be valid for large number of
flavors Nf should be also applicable to high density (or
high temperature) hadronic matter relevant to the inte-
rior of compact stars (or relativistic heavy-ion process)
and that as a consequence, the scaling behavior of vector
mesons in medium proposed by Brown and Rho [5] near
chiral restoration critical density nc (or temperature Tc)
follows from VM. That the vector meson mass vanishes
in the chiral limit at the critical temperature Tc in ac-
cordance with the VM mode was recently shown to hold
by Harada and Sasaki [6]. In this paper, we supply the
arguments to suggest that the same phenomenon occurs
in density, namely that at n = nc, the vector meson mass
vanishes in the chiral limit.
We begin by giving a brief summary of the key argu-
ments as to how VM figures in the properties of hadrons
in medium.
To study how hadrons behave in dense (hot) medium
starting from normal conditions, one resorts to effec-
tive field theories with Lagrangians that have the as-
sumed symmetry properties of QCD. Such Lagrangians
are constructed so as to describe low-energy interactions
of hadrons in medium-free vacuum. As one increases the
density (temperature), that is, as the scale is changed,
the flow of the given theory is not unique even though
the symmetries remain unchanged. As shown by Harada
and Yamawaki [7], the effective field theory with hidden
local symmetry (HLS) [8,9] can flow to two or more dif-
ferent fixed points depending upon how the parameters
of the Lagrangian are dialed. It turns out that if the bare
parameters of the Lagrangian are matched a` la Wilson to
QCD at the chiral scale Λχ ∼ 4πfπ (where fπ is the pion
decay constant) above the vector meson mass – based
on the systematic chiral perturbation with HLS [10–13],
then the flow comes out to be unique with the fixed
point [7]. This implies that the different flows typically
present in all effective field theories, even if consistent
with the symmetries of QCD, may not correctly represent
QCD dynamics unless the bare parameters of the effec-
tive Lagrangian are matched at an appropriate scale, say,
Λχ, with QCD. Most remarkably though, when the HLS
theory is matched with QCD, Wilsonian renormalization
group equations (RGEs) show that the mass parameter
Mρ of the vector meson and the hidden gauge coupling
parameter g do flow to zero together with the pion de-
cay constant fπ going to zero at the chiral restoration
point realizing what is referred to as “vector manifes-
tation (VM)” and consequently the vector meson pole
mass which is given in terms of the parameters Mρ and
g vanishes at the critical point with the multiplet of vec-
tor mesons decoupling. This has been shown to be what
happens at Nf = N
c
f ∼ 5 for T = 0 [1] and T = Tc ∼ 250
MeV for Nf = 3 [6].
To set up the arguments for the density problem, we
consider a system of hadrons in the background of a filled
Fermi sea. For the moment, we consider the Fermi sea
as merely a background, side-stepping the question of
how the Fermi sea is formed from a theory defined in a
matter-free vacuum. Imagine that mesons – the pion and
the ρ meson – are introduced in HLS theory [8,9] with a
cutoff set at the scale, say, Λχ. Since we are dealing with
dense fermionic matter, we will need to introduce the de-
grees of freedom associated with baryons or alternatively
constituent quarks (or quasiquarks). At low density, say,
n < n˜, with n˜ being some density greater than n0, the
precise value of which cannot be pinned down at present,
we may choose to put the cutoff Λ0 below the nucleon
mass,mN ∼ 1 GeV, but above the ρmassmρ = 770 MeV
and integrate out all the baryons. In this case, the bare
1
parameters of the HLS Lagrangian will depend upon the
density n (or equivalently Fermi momentum PF ) since
the baryons that are integrated out carry information
about the baryon density through their interactions in
the full theory with the baryons within the Fermi sea.
Once the baryons are integrated out, we will then be left
with the standard HLS Lagrangian theory with the NG
and gauge boson fields only except that the bare parame-
ters of the effective Lagrangian will be density-dependent.
It should be noticed that the cutoff can also be density
dependent. However, in general, the density-dependence
of the cutoff is not related to those of the bare parame-
ters by the RGEs. For T > 0 and n = 0 this difference
appears from the “intrinsic” temperature dependence in-
troduced in Ref. [6] which was essential for the VM to
occur at the chiral restoration point.
As density increases beyond n˜, the fermions will how-
ever start figuring explicitly, that is, the fermion field
will be present below the cutoff Λ˜(n > n˜). The rea-
son is that as density approaches the chiral restoration
point, the constituent-quark (called quasiquark) picture
– which seems to be viable even in matter-free space [14]
– becomes more appropriate [4] and the quasiquark mass
drops rapidly, ultimately vanishing (in the chiral limit)
at the critical point. This picture has been advocated by
several authors in a related context [15].
We now describe in some detail how the above scenario
takes place. As a simple albeit unrealistic case in dense
matter, consider the fermionic degrees of freedom to be
baryons with a mass scale above the cutoff for all den-
sities up to the chiral restoration density. In this case
we can integrate out the baryons and take, as in [1,6,7],
the standard HLS model based on the Gglobal × Hlocal
symmetry, where G = SU(Nf )L × SU(Nf )R is the global
chiral symmetry and H = SU(Nf )V is the HLS. When
the kinetic term of gauge bosons of Hlocal is ignored,
the HLS model is reduced to the nonlinear sigma model
based on G/H , with Gglobal × Hlocal broken down to
the diagonal sum which is the flavor symmetry H of
G/H . In the HLS model the basic quantities are the
gauge bosons ρµ = ρ
a
µTa of the HLS and two SU(Nf )-
matrix valued variables ξL and ξR. They are parameter-
ized as ξL,R = e
iσ/Fσe∓iπ/Fpi , where π = πaTa denote
the pseudoscalar Nambu-Goldstone (NG) bosons associ-
ated with the spontaneous breaking of G and σ = σaTa
the NG bosons absorbed into the HLS gauge bosons
ρµ which are identified with the vector mesons. Fπ
and Fσ are relevant decay constants, and the parame-
ter a is defined as a ≡ F 2σ/F 2π . ξL and ξR transform
as ξL,R(x) → h(x)ξL,R(x)g†L,R, where h(x) ∈ Hlocal and
gL,R ∈ Gglobal. The covariant derivatives of ξL,R are de-
fined by DµξL = ∂µξL − igρµξL + iξLLµ, and similarly
with replacement L ↔ R, Lµ ↔ Rµ, where g is the
HLS gauge coupling, and Lµ and Rµ denote the exter-
nal gauge fields gauging the Gglobal symmetry. The HLS
Lagrangian is given by [8,9]
L = F 2π tr [αˆ⊥µαˆµ⊥] + F 2σ tr
[
αˆ‖µαˆ
µ
‖
]
+ Lkin(ρµ) , (1)
where Lkin(ρµ) denotes the kinetic term of ρµ and
αˆµ
⊥
‖
=
(
DµξR · ξ†R ∓DµξL · ξ†L
)
/(2i) . (2)
As stated above, the three parameters of the La-
grangian Fπ , Fσ (or a) and g will depend on density.
Since Lorentz invariance is broken, distinction has to be
made between the temporal and spatial components of
the constants in Eq. (1). We will ignore the difference for
the moment. This will be justified below and, in more
detail, in Appendix A. For the moment continuing with
Eq. (1), we need to match Eq. (1) with QCD to define
the bare Lagrangian for the effective theory. To deter-
mine the bare parameters, we set the matching scale at
Λ ≈ Λχ below which only the HLS degrees of freedom are
present and extend the Wilsonian matching [12], which
was originally proposed for T = n = 0 in Ref. [12] and ex-
tended to non-zero temperature in Ref. [6], to non-zero
density. We match the axial-vector and vector-current
correlators in the HLS with those derived in the OPE
for QCD at non-zero density. The correlators in the HLS
around the matching scaleM = Λ (whereM is the renor-
malization scale ∗) are well described by the same forms
as those at T = n = 0 [12] with the bare parameters
having the “intrinsic” density dependence †:
Π
(HLS)
A (Q
2) =
F 2π (Λ;n)
Q2
− 2z2(Λ;n) ,
Π
(HLS)
V (Q
2) =
F 2σ (Λ;n)
[
1− 2g2(Λ;n)z3(Λ;n)
]
M2ρ (Λ;n) +Q
2
−2z1(Λ;n) , (3)
where M2ρ (Λ;n) ≡ g2(Λ;n)F 2σ (Λ;n) is the bare ρ mass,
and z1,2,3(Λ;n) are the bare coefficient parameters of the
relevant O(p4) terms [11,12], all at M = Λ. Since the
Lorentz non-invariant terms in the current correlators by
the OPE are suppressed by some powers of n/Λ3 (see, e.g.
Ref. [17]), we can ignore them from both the hadronic
and QCD sectors. (See Appendix A for the justification
for the hadronic sector). Matching the above correla-
tors with those by the OPE in the same way as done
for T = n = 0 [12], we determine the bare parameters
∗We reserve µ for chemical potential.
†Note that at the level of the bare Lagrangian, there is no
vector-axial-vector mixing discussed for hot matter by Dey,
Eletsky and Ioffe [16]. At the matching scale, there are no
loop corrections. Mixing occurs through hadronic loops when
decimation is made.
that include what we shall call “intrinsic” density depen-
dence, which are then converted into those of the on-shell
parameters through the Wilsonian RGE’s [1,12]. As a
result, the parameters appearing in the hadronic density
corrections have the intrinsic density dependence.
Now, to study the chiral restoration in dense matter,
we assume that we can do in the fermion-less theory the
Wilsonian matching at the critical density nc for Nf = 3
assuming that 〈q¯q〉 approaches to 0 (continuously)‡ for
n → nc. Then, the axial-vector and vector-current cor-
relators given by OPE in the QCD sector approach each
other, and will agree at nc. Then through the Wilsonian
matching we require that the correlators in Eq. (3) agree
with each other. As in the case of large Nf [1] and in the
case of T ∼ Tc [6], this agreement can be satisfied also in
dense matter if the following conditions are met:
g(Λ;n) −→
n→nc
0 , a(Λ;n) −→
n→nc
1 ,
z1(Λ;n)− z2(Λ;n) −→
n→nc
0 . (4)
We show in Appendix A that these conditions remain
valid – with a suitable in-medium extension – when the
breaking of Lorentz symmetry in medium is taken into
account in the bare Lagrangian.
Next we need to consider how these parameters flow as
the scale parameter is varied. The flows are obtained by
solving the RGEs for the parameters. The RGEs for the
parameters of the HLS theory as the scale M is varied
were derived in Refs. [19,1,7] with the effect of quadratic
divergences included. These equations describe the flow
of the parameters for dense system for a fixed chemical
potential µ (or density n)§. They show that a = 1, g = 0
and X = 1 with X defined by
X ≡ Nf
2(4π)2
M2
F 2π (M)
(5)
are fixed points. Thus at µ = µc, given the bare parame-
ters (4) at the matching scale Λ, both g and a flow to the
fixed point. The RGEs given in Refs. [19,1,7] then imply
that at µ = µc, g = 0 and a = 1 remain unchanged as
M is varied. Now what about Fπ(M) which cannot be
‡We are assuming that the transition is not strongly first or-
der. The quasiquark degrees of freedom introduced later make
sense only within the same hypothesis. There is nothing at
present that invalidates our assumption, but if the transition
were proven to be strongly first order, some of the arguments
used in this paper might need qualifications. We note that, in
the presence of the current quark mass, the quark condensate
is believed to decrease rapidly but continuously around the
“phase transition” point [18].
§We are using density n and chemical potential µ inter-
changeably. In the case of nearly massless quasiquarks near
chiral restoration, µ ≈ PF .
fixed by requiring only the agreement between the vector
and axial-vector current correlators? As we will discuss
in more detail later, in the absence of the hadronic dense-
loop corrections Fπ(M = 0;µc) = 0 is obtained from the
fact that X = 1 is a fixed point and corresponds to the
pion decay constant fπ(µc) = 0. Thus the chiral transi-
tion in high density will coincide with the VM.
As stated, as density is raised – and in particular near
the critical density on which we will focus, we expect the
fermionic degrees of freedom to figure explicitly below
the cutoff at which the Wilsonian matching is effected. In
principle, to account for the fermionic degrees of freedom
below the scale M = Λ(µ) for a given µ > µ˜, we may
introduce either light baryons with a running mass that
drops with density or, more appropriately, constituent
quarks with masses scaling with density as suggested by
Riska and Brown [15]. We adopt the latter in this paper.
We introduce the quasiquark field ψ below the scale
Λ(µ) for µ ≥ µ˜ into the Lagrangian. A chiral Lagrangian
for π with the constituent quark (quasiquark) was given
in Ref. [20]. In Ref. [9] the quasiquark field, say ψ, is in-
troduced into the HLS Lagrangian in such a way that it
transforms homogeneously under the HLS: ψ → h(x) · ψ
where h(x) ∈ Hlocal. Here we extend the Lagrangian of
Ref. [9] to a general one with which we can perform a sys-
tematic derivative expansion. Since we are considering
the model near the chiral phase transition point where
the quasiquark mass is expected to become small, we
assign O(p) to the constituent-quark (quasiquark) mass
mq. Furthermore, we assign O(p) to the chemical poten-
tial µ or the Fermi momentum PF , as we consider that
the cutoff is larger than µ even near the phase transi-
tion point. Using this counting scheme we can make the
systematic expansion in the HLS with the quasiquark
included. We should note that this counting scheme is
different from the one in the model for π and baryons
given in Ref. [21] where the baryon mass is counted as
O(1). The leading order Lagrangian including one quasi-
quark field and one anti-quasiquark field is counted as
O(p) and given by
δLQ(1) = ψ¯(x)(iDµγµ − µγ0 −mq)ψ(x)
+ψ¯(x)
(
κγµαˆ‖µ(x) + λγ5γ
µαˆ⊥µ(x)
)
ψ(x) (6)
where Dµψ = (∂µ − igρµ)ψ and κ and λ are constants
to be specified later. At one-loop level the Lagrangian
(6) generates the O(p4) contributions including hadronic
dense-loop effects as well as divergent effects. The diver-
gent contributions are renormalized by the parameters,
and thus the RGEs for three leading order parameters
Fπ, a and g (and parameters of O(p4) Lagrangian) are
modified from those without quasiquark field. In addi-
tion, we need to consider the renormalization group flow
3
for the quasiquark massmq
∗∗. Calculating one-loop con-
tributions for RGEs in M for a given µ, we find
MdF
2
π
dM = C[3a
2g2F 2π + 2(2− a)M2]−
m2q
2π2
λ2Nc
M da
dM = −C(a− 1)[3a(1 + a)g
2 − (3a− 1)M
2
F 2π
]
+a
λ2
2π2
m2q
F 2π
Nc
M dg
2
dM = −C
87− a2
6
g4 +
Nc
6π2
g4(1− κ)2
Mdmq
dM = −
mq
8π2
[(Cπ − Cσ)M2 −m2q(Cπ − Cσ)
+M2ρCσ − 4Cρ] (7)
where C = Nf/
[
2(4π)2
]
and
Cπ ≡ ( λ
Fπ
)2
N2f − 1
2Nf
Cσ ≡ ( κ
Fσ
)2
N2f − 1
2Nf
Cρ ≡ g2(1 − κ)2
N2f − 1
2Nf
For µ > µ˜ at which the quasiquarks enter, the cutoff
will be different from that without. However the match-
ing conditions (4) will remain the same. Now eq. (7)
shows that (g , a) = (0 , 1) is a fixed point only when
mq = 0. Since mq = 0 itself is a fixed point of the RGE
for mq, (g , a , mq) = (0 , 1 , 0) is a fixed point of the
coupled RGEs for g, a and mq. Furthermore and most
importantly, X = 1 becomes the fixed point of the RGE
for X [7]. This means that at the fixed point, Fπ(0) = 0
[see Eq. (5)]. What does this mean in dense matter? To
see what this means, we note that for T = µ = 0, this
Fπ(0) = 0 condition is satisfied for a given number of
flavors N crf ∼ 5 through the Wilsonian matching [1]. For
Nf = 3, µ = 0 and T 6= 0, this condition is never satisfied
due to thermal hadronic corrections [6]. Remarkably, as
we show in Appendix B, for Nf = 3, T = 0 and µ = µc,
it turns out that dense hadronic corrections vanish up to
O(p6) corrections. Therefore the fixed point X = 1 (i.e.,
Fπ(0) = 0) does indeed signal chiral restoration at the
critical density.
Let us here focus on what happens to hadrons at and
very near the critical point µc. This problem can be easily
addressed with the machinery developed above. To do
this we define, following [6], the “on-shell” quantities
∗∗The constants κ and λ will also run such that at µ = µc,
κ = λ = 1 while at µ < µc, κ 6= λ. The running will be small
near nc, so we will ignore their running here.
Fπ = Fπ(M = 0;µ) ,
g = g
(M =Mρ(µ);µ) , a = a(M =Mρ(µ);µ) , (8)
where Mρ is determined from the “on-shell condition”:
M2ρ =M
2
ρ (µ) = a
(M =Mρ(µ);µ)
×g2(M =Mρ(µ);µ)F 2π(M =Mρ(µ);µ) . (9)
Then, the parameterMρ in this paper is renormalized in
such a way that it becomes the pole mass at µ = 0.
We first look at the “on-shell” pion decay constant fπ.
At µ = µc, it is given by
fπ(µc) ≡ fπ(M = 0;µc) = Fπ(0;µc) + ∆(µc) (10)
where ∆ is dense hadronic contribution arising from
fermion loops involving (6). As we shall show explic-
itly in Appendix B, up to O(p6) in the power counting,
∆(µc) = 0 at the fixed point (g, a,mq) = (0, 1, 0). Thus
fπ(µc) = Fπ(0;µc) = 0. (11)
Since
F 2π (0;µc) = F
2
π (Λ;µc)−
Nf
2(4π)2
Λ2, (12)
and at the matching scale Λ, F 2π (Λ;µc) is given by a QCD
correlator at µ = µc, µc can be computed from
F 2π (Λ;µc) =
Nf
2(4π)2
Λ2 . (13)
Note that in free space, this is the equation that deter-
mines N cf ∼ 5 [1]. In order for this equation to have
a solution at the critical density, it is necessary that
F 2π (Λ;µc)/F
2
π (Λ; 0) ∼ 3/5. We do not have at present a
reliable estimate of the density dependence of the QCD
correlator to verify this condition but the decrease of Fπ
of this order in medium looks quite reasonable.
Next we compute the ρ pole mass near µc. The details
of the calculation are given in Appendix C. Here we just
quote the result. With the inclusion of the fermionic
dense loop terms, the pole mass, for Mρ,mq ≪ PF , is of
the form
m2ρ(µ) =M
2
ρ (µ) + g
2G(µ) , (14)
G(µ) =
µ2
2π2
[
1
3
(1− κ)2 +Nc(NfcV 1 + cV 2)] . (15)
At µ = µc, we have g = 0 and a = 1 so that Mρ(µ) =
0 and since G(µc) is non-singular, mρ = 0. Thus the
fate of the ρ meson at the critical density is the same
as that at the critical temperature. This is our main
result. It is noted [1] that although the conditions for
g(Λ;n) and a(Λ;n) in Eq. (4) coincided with the Georgi’s
4
vector limit [22] ††, the VM should be distinguished from
Georgi’s vector realization [22].
So far we have focused on the critical density at which
the Wilsonian matching clearly determines g = 0 and
a = 1 without knowing much about the details of the
current correlators. Here we consider how the parame-
ters flow as function of chemical potential µ. In the low
density region, we expect that the “intrinsic” density de-
pendence of the bare parameters is small. If we ignore
the intrinsic density effect, we may then resort to Morley-
Kislinger (MS) theorem 2 [24] (sketched and referred for
definiteness to as “MK theorem” in Appendix D) which
states that given an RGE in terms ofM, one can simply
trade in µ for M for dimensionless quantities and for di-
mensionful quantities with suitable calculable additional
terms. The results are
µ
dF 2π
dµ
= −2F 2π + C[3a2g2F 2π + 2(2− a)M2]−
m2
2π2
λ2Nc
µ
da
dµ
= −C(a− 1)[3a(1 + a)g2 − (3a− 1) µ
2
F 2π
]
+a
λ2
2π2
m2
F 2π
Nc
µ
dg2
dµ
= −C 87− a
2
6
g4 +
Nc
6π2
g4(1 − κ)2
µ
dmq
dµ
= −mq − mq
8π2
[(Cπ − Cσ)µ2 −m2q(Cπ − Cσ)
+M2ρCσ − 4Cρ] , (16)
where Fπ , a, g, etc. are understood as Fπ(M = µ;µ),
a(M = µ;µ), g(M = µ;µ), and so on.
It should be stressed that the MK theorem presumably
applies in the given form to “fundamental theories” such
as QED but not without modifications to effective the-
ories such as the one we are considering. The principal
reason is that there is a change of relevant degrees of free-
dom from above Λ where QCD variables are relevant to
below Λ where hadronic variables figure. Consequently
we do not expect Eq. (16) to apply in the vicinity of
µc. Specifically, near the critical point, the “intrinsic”
density dependence of the bare theory will become in-
dispensable and the naive application of Eq. (16) should
break down. One can see this clearly in the following
example: The condition g(M = µc;µc) = 0 that follows
from the matching condition (3), would imply, when (16)
is naively applied, that g(µ) = 0 for all µ. This is obvi-
††It was suggested in [23] that the Georgi vector limit was
relevant to chiral restoration. Here we note that the chiral
transition involves both the vector limit and the vanishing of
the pion decay constant. A non-zero pion decay constant with
the vector limit is not consistent with low-energy theorems.
ously incorrect ‡‡. Near the critical density the “intrin-
sic” density dependence should be included in the RGE:
Noting that Eq. (16) is for, e.g., g(M = µ;µ), we can
write down the RGE for g corrected by the “intrinsic”
density dependence as
µ
d
dµ
g(µ;µ)
= M ∂
∂Mg(M;µ)
∣∣∣∣
M=µ
+ µ
∂
∂µ
g(M;µ)
∣∣∣∣
M=µ
, (17)
where the first term in the right-hand-side reproduces
Eq. (16) and the second term appears due to the “in-
trinsic” density dependence. Note that g = 0 is a fixed
point when the second term is neglected (this follows
from (16)), and the presence of the second term makes
g = 0 be no longer the fixed point of Eq. (17) §§. The
second term can be determined from QCD through the
Wilsonian matching. However, we do not presently have
reliable estimate of the µ dependence of the QCD correla-
tors. Analyzing the µ dependence away from the critical
density in detail requires a lot more work, so we relegate
this issue to a later publication.
The Wilsonian matching of the correlators at Λ = Λχ
allows one to see how the ρ mass scales very near the
critical density (or temperature). For this purpose, it
suffices to look at the intrinsic density dependence ofMρ.
We find that close to µc
M2ρ (Λ;µ) ∼
〈q¯q(µ)〉2
F 2π (Λ;µ)Λ
2
(18)
which implies that
m⋆ρ
mρ
∼ 〈q¯q〉
⋆
〈q¯q〉 . (19)
Here the star denotes density dependence. Note that
Equation (19) is consistent with the “Nambu scaling”
or more generally with sigma-model scaling. How this
scaling fares with nature is discussed in [4].
The following observations can be drawn from this
work.
• The parameters of BR scaling Lagrangian [5] could
be identified with those of HLS Lagrangian that
are Wilsonian-matched at the matching scale and
flow to the fixed point (g, a,mq) = (0, 1, 0) with
increasing density. An interesting question here is:
How is the BR scaling which is related to Landau
‡‡The RGEs (16) were recently studied in [25] with the nu-
cleons incorporated as explicit fermionic degrees of freedom.
§§The condition g(µc;µc) = 0 follows from the fixed point of
the RGE inM, but it is not a fixed point of the RGE in µ.
5
Fermi liquid interaction at normal matter density
(reviewed in [4]) interpreted in terms of the HLS
flow?
• It seems plausible that the density-dependent vec-
tor meson mass that arises via a Higgs mechanism
in the color-flavor locking discussed in [3,4] refers
to Mρ(µ), namely the part that reflects what was
interpreted in [4] as “sliding vacuum.” This is the
Lorentz-invariant piece of the mass. The physical
pole mass should contain also the dense loop cor-
rections that take into account the velocity v 6= 1.
• The “intrinsic” density dependence that is gov-
erned by the Wilsonian matching with QCD and
the VM fixed points, as in the case of “intrinsic”
temperature dependence discussed by Harada and
Sasaki [6], is mostly, if not completely, missing in
most of the model descriptions published in the lit-
erature. For instance, the prescription of replacing
mV by m
⋆
V near chiral restoration in the Rapp-
Wambach approach as described in [26,27] – which
seemed ad hoc at the time those papers were writ-
ten – reflects what is lacking in the Rapp-Wambach
formulation near chiral restoration and may be jus-
tified by the “sliding vacuum” effect.
• The notion of density dependence of the cutoff and
the Morley-Kislinger procedure invoked here in the
low density region imply that the cutoff used in
effective field theories should drop as density is
increased. This supports the early suggestion of
Adami and Brown [28] that the cutoff in in-medium
NJL model should be density dependent.
To summarize, we have shown that the vector mani-
festation (VM) is realized in dense matter at the chiral
restoration with the vector meson mass mρ going to zero
in the chiral limit. Thus the VM is universal in the sense
that it occurs at N cf for T = µ = 0, at Tc for Nf < N
c
F
and µ = 0 and at µc for T = 0 and Nf < N
c
f . This
scenario is characterized by the common feature that at
the chiral transition, the longitudinal component of the
ρ meson joins the pion into a degenerate multiplet, a
scenario which differs from the standard sigma model
scenario. Since the gauge coupling constant g is to go
to zero near the critical point, the dropping-mass vector
meson will become sharper with vanishing width as sug-
gested in [1], a phenomenon which cannot be accessed
by a strong-coupling theory valid at low density that in-
volves an expanding width [29].
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APPENDIX A: EFFECTS OF LORENTZ
SYMMETRY BREAKING
The discussion in the main text was made without
explicit consideration of the effect of Lorentz symme-
try breaking inherent in dense medium. In this Ap-
pendix, we examine if and how the Lorentz symme-
try breaking affects the conditions (4) at nc. Modulo
the intrinsic density dependence of the bare parame-
ters, we obtain the general conditions – which are an
extension of the conditions in Eq. (4) to a system with-
out Lorentz invariance – by simply requiring that the
axial-vector and vector-current correlators in the HLS
agree, GT,LV (HLS) = G
T,L
A(HLS), at nc without considering
the matching to OPE in QCD. A more complete analysis
that includes the matching to OPE in QCD with Lorentz
symmetry breaking which is needed to describe processes
away from the critical point will be reported elsewhere.
1. Polarization tensors
We start by summarizing the polarization tensors used
here and also in the succeeding Appendices. In hot
and/or dense matter, the polarization tensors are no
longer restricted to be Lorentz covariant, but should be
O(3) covariant. Thus we need four independent symmet-
ric O(3) tensors. Here we adopt the following form [30]:
PµνT ≡ gµi
(
δij − ~pi~pj
p¯
)
gνj
= (gµα − uµuα)
(
−gαβ − p
αpβ
p¯2
)(
gβν − uβuν) ,
PµνL ≡ −
(
gµν − p
µpν
p2
)
− PµνT
=
(
gµα − p
µpα
p2
)
uα
p2
p¯2
uβ
(
gβν − p
βpν
p2
)
,
PµνC ≡
1√
2p¯
[(
gµα − p
µpα
p2
)
uαp
ν
+ pµuβ
(
gβν − p
βpν
p2
)]
,
PµνD ≡
pµpν
p2
, (A.1)
where pµ = (p0, ~p) is the four-momentum and p¯ ≡ |~p|.
The rest frame of the medium is indicated by
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uµ = (1,~0) . (A.2)
The polarization tensors satisfy the following identi-
ties [30]:
PµνT PTµν = 2, gµνP
µν
T = −2 , uµPµνT = 0 ,
PµνL PLµν = 1, gµνP
µν
L = −1 , uµuνPµνL =
p¯2
p2
,
PµνC PCµν = −1 , gµνPµνC = 0 ,
uµuνP
µν
C = −
√
2
p0p¯
p2
. (A.3)
2. Axial-vector correlator
As argued in Section 5 of Ref. [18], the vector correla-
tor receives at the chiral restoration point an important
contribution from quasiquark loop diagrams. Such a con-
tribution cannot in general be expressed by a local effec-
tive Lagrangian in which quasiquarks are absent. In the
present work, we are considering the HLS model that in-
cludes the quasiquarks as explicit degrees of freedom near
the critical point. Therefore we consider it reasonable to
assume that the bare HLS theory we are concerned with
can be expressed by a local Lagrangian with the nonlocal
quasiquark contribution appearing at the later stage of
Wilsonian decimation.
The bare HLS Lagrangian in hot and/or dense matter
is generally expected to include the effect of Lorentz non-
invariance. The Lagrangian density valid to O(p4) rele-
vant to the axial-vector current correlator can be written
as
L(A) =
[
(F tπ,bare)
2uµuν
+F tπ,bareF
s
π,bare (gµν − uµuν)
]
tr [αˆµ⊥αˆ
ν
⊥]
+
[
2zL2,bare uµuαgνβ
+zT2,bare (gµαgνβ − 2uµuαgνβ)
]
tr
[
ÂµνÂαβ
]
, (A.4)
where F tπ,bare and F
s
π,bare denote the bare parameters as-
sociated with the temporal and spatial pion decay con-
stants. The rest frame of the medium is specified by uµ
as in Eq. (A.2). The parameters zL2,bare and z
T
2,bare corre-
spond in medium to the vacuum parameter z2,bare [11,12]
at T = µ = 0, and Âµν is defined by
Âµν ≡ 1
2
[
ξRRµνξ†R − ξLLµνξ†L
]
, (A.5)
where Rµν and Lµν are the field-strength tensors of the
external gauge fields Rµ and Lµ:
Lµν = ∂µLν − ∂νLµ − i [Lµ , Lν ] ,
Rµν = ∂µRν − ∂νRµ − i [Rµ , Rν ] . (A.6)
Note that in the bare theory αˆµ⊥ is expanded as
αˆµ⊥ = Aµ +
∂µπ
F tπ,bare
+ · · · , (A.7)
where Aµ = (Rµ − Lµ)/2.
We define the axial-vector current correlator GµνA (p)
by
i
∫
d4xeipx
〈
0
∣∣T Ja5µ(x)Jb5ν (0)∣∣ 0〉 = δabGµνA (p) , (A.8)
and decompose it into
GµνA (p) = P
µν
L G
L
A(p) + P
µν
T G
T
A(p) . (A.9)
It follows from the bare HLS Lagrangian, Eq. (A.4), and
Fig. 1 that
GµνA(HLS)(p) =
Γ˜µA,bareΓ˜
ν
A,bare
−[p20 − v2barep¯2]
+
[
(F tπ,bare)
2uµuν + F tπ,bareF
s
π,bare (g
µν − uµuν)]
− 2zL2,bare p2PµνL
− 2 (zL2,bare p20 − zT2,bare p¯2)PµνT , (A.10)
where vbare is the bare pion velocity related to F
t
π,bare
and F sπ,bare by
v2bare =
F sπ,bare
F tπ,bare
, (A.11)
and
Γ˜µA,bare ≡
[
F tπ,bareuµuα
+ F sπ,bare (gµα − uµuα)
]
pα . (A.12)
To obtain the PµνL and P
µν
T terms in Eq. (A.10), we have
used the following identities:
(u · p)2gµν + p2uµuν − (u · p) (uµpν + pµuν)
= −p2PµνL − p20PµνT
=
(
p2gµν − pµpν)− p¯2PµνT . (A.13)
Now, by using the identities Eq. (A.3), we obtain from
Eq. (A.9) and Eq. (A.10),
GLA(HLS)(p) =
p2F tπ,bareF
s
π,bare
−[p20 − v2barep¯2]
− 2p2zL2,bare (A.14)
GTA(HLS)(p) = −F tπ,bareF sπ,bare
− 2 (p20zL2,bare − p¯2zT2,bare) . (A.15)
FIG. 1. Tree-level contributions to the axial-vector (vec-
tor) current correlator. The dashed line denotes pion for ax-
ial-vector correlator or ρ meson for vector correlator.
7
3. Vector correlator
The bare Lagrangian density valid to O(p4) relevant to
the vector correlator is
L(V ) =
[
(F tσ,bare)
2uµuν
+ F tσ,bareF
s
σ,bare (gµν − uµuν)
]
tr
[
αˆµ‖ αˆ
ν
‖
]
+
[
2zL1,bare uµuαgνβ
+ zT1,bare (gµαgνβ − 2uµuαgνβ)
]
tr
[
V̂µν V̂αβ
]
+
[
2zL3,bare uµuαgνβ
+ zT3,bare (gµαgνβ − 2uµuαgνβ)
]
tr
[
V µν V̂αβ
]
+
[
− 1
g2L,bare
uµuαgνβ
− 1
2g2T,bare
(gµαgνβ − 2uµuαgνβ)
]
tr
[
V µνV αβ
]
,
(A.16)
where V̂µν is defined by
V̂µν ≡ 1
2
[
ξRRµνξ†R + ξLLµνξ†L
]
. (A.17)
F tσ,bare and F
s
σ,bare denote the bare parameters associated
with the temporal and spatial components of the decay
constants of the σ (i.e., the longitudinal ρ). We define
the matter-extension of the parameter a as
at ≡
(
F tσ,bare
F tπ,bare
)2
, as ≡
(
F sσ,bare
F sπ,bare
)2
. (A.18)
zL1,bare and z
T
1,bare in Eq. (A.16) correspond in medium to
z1,bare, z
L
3,bare and z
T
3,bare to z3,bare and gL,bare and gT,bare
to gbare.
Let us first obtain a general form of the vector current
correlator GµνV , defined in an analogous way to G
µν
A in
Eq. (A.8). By using the vector meson propagator iDµν ,
the V -V two-point function ΠV ‖ and the V-V two-point
function Π‖, we can express G
µν
V in HLS theory as
GµνV (HLS) = Π
µα
V ‖ iDαβ Π
βν
V ‖ +Π
µν
‖ . (A.19)
The vector meson propagator iDµν is related to the V -V
two-point function ΠµνV by
i
(
D−1
)µν
= ΠµνV . (A.20)
It is convenient to decompose ΠµνV into the following four
independent pieces:
ΠµνV = g
µνΠSV + P
µν
L Π
L
V + P
µν
T Π
T
V + P
µν
C Π
C
V , (A.21)
in terms of which the vector meson propagator is given
by
− iDµν = PµνL
ΠSV
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
+ PµνT
1
ΠTV −ΠSV
+ PµνC
ΠCV
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
+ PµνD
ΠLV −ΠSV
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
. (A.22)
Similarly to ΠµνV , the two-point functions ΠV ‖ and Π‖
can be decomposed as
ΠµνV ‖ = g
µνΠSV ‖ + P
µν
L Π
L
V ‖ + P
µν
T Π
T
V ‖ + P
µν
C Π
C
V ‖ ,
Πµν‖ = g
µνΠS‖ + P
µν
L Π
L
‖ + P
µν
T Π
T
‖ + P
µν
C Π
C
‖ . (A.23)
With Eqs. (A.22) and (A.23), GµνV (HLS) reads
GµνV (HLS) = P
µν
T G
T
V (HLS) + P
µν
L G
L
V (HLS)
+ PµνC G
C
V (HLS) + P
µν
D G
D
V (HLS) , (A.24)
where
GTV (HLS) =
−
(
ΠTV ‖ −ΠSV ‖
)2
ΠTV −ΠSV
+ΠT‖ −ΠS‖ ,
GLV (HLS) =
1
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
×
[
−ΠSV
(
ΠLV ‖ −ΠSV ‖
)2
+ΠCV Π
C
V ‖
(
ΠLV ‖ −ΠSV ‖
)
− 1
2
(
ΠLV −ΠSV
) (
ΠCV ‖
)2]
+
(
ΠL‖ −ΠS‖
)
,
GCV (HLS) =
1
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
×
[
−ΠCV
{(
ΠSV ‖
)2
−ΠSV ‖ΠLV ‖ −
(
ΠCV ‖
)2
/2
}
−ΠSV ΠCV ‖
(
ΠLV ‖ −ΠSV ‖
)
− (ΠLV −ΠSV )ΠSV ‖ΠCV ‖
]
+ΠC‖ ,
GDV (HLS) =
1
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
×
[
ΠCV Π
S
V ‖Π
C
V ‖ − ΠSV
(
ΠCV ‖
)2
/2
− (ΠLV −ΠSV ) (ΠSV ‖)2
]
+ΠS‖ . (A.25)
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The requirement for the current conservation is that
GCV (HLS) and G
D
V (HLS) vanish. We can easily see that
GCV (HLS) = C
D
V (HLS) = 0 , (A.26)
when the following conditions are satisfied ∗∗∗
ΠSV = Π
S
‖ = −ΠSV ‖ ,
ΠCV = Π
C
‖ = −ΠCV ‖ . (A.27)
Then, GTV (HLS) and G
L
V (HLS) can be rewritten as
GTV (HLS) =
−
(
ΠTV ‖ +Π
S
V
)2
ΠTV −ΠSV
+ΠT‖ −ΠSV ,
GLV (HLS) =
1
ΠSV (Π
L
V −ΠSV )− (ΠCV )2/2
×
[
−ΠSV
(
ΠLV ‖ +Π
S
V
)2
− 1
2
(
ΠCV
)2 (
ΠLV +Π
S
V + 2Π
L
V ‖
)]
+
(
ΠL‖ −ΠSV
)
. (A.28)
Now, using the bare Lagrangian (A.16), we find (here
and below, the subscript “bare” is omitted to simplify
writing)
ΠSV = Π
S
‖ = −ΠSV ‖ =
p20
p2
(
F tσ
)2 − p¯2
p2
(
F tσF
s
σ
)
,
ΠCV = Π
C
‖ = −ΠCV ‖ =
√
2
p0p¯
p2
F tσ
(
F tσ − F sσ
)
, (A.29)
and
ΠLV =
p20 + p¯
2
p2
F tσ
(
F tσ − F sσ
)
+
p2
g2L
,
ΠTV =
p20
p2
F tσ
(
F tσ − F sσ
)
+
p20
g2L
− p¯
2
g2T
,
ΠLV ‖ = −
p20 + p¯
2
p2
F tσ
(
F tσ − F sσ
)− p2zL3 ,
ΠTV ‖ = −
p20
p2
F tσ
(
F tσ − F sσ
)− (p20zL3 − p¯2zT3 ) ,
ΠL‖ =
p20 + p¯
2
p2
F tσ
(
F tσ − F sσ
)− 2p2zL1 ,
ΠT‖ =
p20
p2
F tσ
(
F tσ − F sσ
)− 2 (p20zL1 − p¯2zT1 ) .
(A.30)
∗∗∗Two conditions in Eq. (A.27) are actually satisfied by
the contributions obtained from the bare Lagrangian in
Eq. (A.16).
Finally the results are
GLV (HLS) =
p2 F tσF
s
σ
(
1− 2g2LzL3
)
− [p20 − (F sσ/F tσ) p¯2 −M2v ]
− 2p2zL1 +O(p4) ,
GTV (HLS) =
F tσF
s
σ
− [p20 − (g2L/g2T ) p¯2 −M2v ]
× [p20 − (g2L/g2T ) p¯2 − 2g2L (p20zL3 − p¯2zT3 )]
− 2 (p20zL1 − p¯2zT1 )+O(p4) , (A.31)
in which we have dropped terms proportional to
(
p2zL3
)2
and
(
p20z
L
3 − p¯2zT3
)2
which are of higher order in the
present counting scheme together with other O(p4) terms
that require O(p6) Lagrangian density. In the above ex-
pressions Mv is the bare mass at rest frame:
M2v ≡ g2LF tσF sσ . (A.32)
It should be noticed that, at rest frame, GLV (HLS) is equal
to GTV (HLS) and that both the longitudinal and transverse
modes of the vector meson have the same bare mass.
4. The equality G
T,L
V (HLS)
= GT,L
A(HLS)
at nc
At the chiral phase transition point, the axial-vector
and vector current correlators must agree with each
other: GLA(HLS) = G
L
V (HLS) and G
T
A(HLS) = G
T
V (HLS). Im-
posing this condition, we obtain
p2F tπF
s
π
−[p20 − (F sπ/F tπ) p¯2]
− 2p2zL2
=
p2 F tσF
s
σ
(
1− 2g2LzL3
)
− [p20 − (F sσ/F tσ) p¯2 −M2L]
− 2p2zL1 , (A.33)
−F tπF sπ − 2
(
p20z
L
2 − p¯2zT2
)
=
F tσF
s
σ
[
p20 −
(
g2L/g
2
T
)
p¯2 − 2g2L
(
p20z
L
3 − p¯2zT3
)]
− [p20 − (g2L/g2T ) p¯2 −M2L]
− 2 (p20zL1 − p¯2zT1 ) . (A.34)
Now, we see that the above equalities are satisfied for
any values of p0 and p¯ around the matching scale only if
the following conditions are met:
at =
(
F tσ
F tπ
)2
= 1 , as =
(
F sσ
F sπ
)2
= 1 ,
gL = 0 , gT = 0 ,
zL2 = z
L
1 , z
T
2 = z
T
1 . (A.35)
These conditions are the Lorentz non-invariant version of
the vector-manifestation conditions, Eq. (4), discussed in
the main text.
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APPENDIX B: PION DECAY CONSTANT
In this Appendix, we show how the dense hadronic
corrections to the pion decay constant vanish at µ = µc.
In this and next Appendices we neglect possible effects
of Lorentz symmetry breaking in the bare theory of the
HLS: We assume that the bare HLS Lagrangian possesses
the Lorentz invariance and that the dominant effects of
Lorentz symmetry breaking come from the quasiquark
dense loop correction. The relevant Lagrangian involving
quasiquark fields at O(p) is given in Eq. (6). Here we also
include the following O(p2) Lagrangian
δLQ(2A) = ψ¯ {cA1tr [αˆ⊥µαˆµ⊥] + cA2αˆ⊥µαˆµ⊥}ψ
+ψ¯cA3 [αˆ⊥µ , αˆ⊥ν ] [γ
µ , γν]ψ , (B.1)
where the c’s are constants of mass dimension −1 †††.
The O(p2) Lagrangian in Eq. (B.1) generates the O(p5)
corrections to the first term of the leading order HLS
Lagrangian in Eq. (1) at one loop. Since the relevant
diagrams are tadpoles, all the divergent corrections are
proportional to mq. Then the RGE for Fπ is not changed
at the critical density where mq vanishes.
Our convention and notations in this and succeed-
ing appendices are: pµ = (p0, ~p), p¯ ≡ |~p|, ωM (p¯) ≡√
M2 + p¯2 in free space, ω(p¯) ≡ ω0(p¯) = p¯ and for the
pion ω˜(p¯) ≡ ω˜0(p¯) = v(p¯)p¯ where v(p¯) is the pion veloc-
ity. The rest frame of the medium will be indicated by
uµ = (1,~0) as in Eq. (A.2).
In terms of the axial-vector-axial-vector two-point
functions Πµν⊥ , the temporal and spatial components of
the pion decay constant are given by
f tπ =
1
F˜
uµΠ
µν
⊥ (p0, ~p)pν
p0
∣∣∣∣
p0=ω˜
,
f sπ =
1
F˜
−pα(gαµ − uαuµ)Πµν⊥ (p0, ~p)pν
p¯2
∣∣∣∣
p0=ω˜
, (B.2)
where F˜ is the π wave function renormalization constant.
According to the analysis of Ref. [21] in dense matter, this
F˜ is nothing but f tπ:
F˜ = f tπ . (B.3)
We wish to compute the f t,sπ in HLS including the quasi-
quark terms. In HLS, the correlator tensors are
Πµν⊥ (p0, ~p) = g
µνF 2π + 2z2
(
gµνp2 − pµpν)+Πµν⊥ (p0, ~p) ,
(B.4)
†††For Nf = 2, the cA1-term and cA2-term are not indepen-
dent. We can set, e.g., cA2 = 0 without loss of generality.
where Π
µν
⊥ (p0, ~p) denotes the hadronic dense/thermal
corrections we are interested in. On-shell for the pion,
we have
Πtt⊥(ω˜, p¯) = F
2
π − 2z2p¯2 +Π
tt
⊥(ω˜, p¯) ,
Πts⊥(ω˜, p¯) = 2z2vp¯
2 +Π
ts
⊥(ω˜, p¯) ,
Πss⊥ (ω˜, p¯) = −F 2π − 2z2v2p¯2 +Π
ss
⊥ (ω˜, p¯) (B.5)
where
Πtt⊥(p0, p¯) ≡ uµΠµν⊥ (p0, ~p)uν ,
Πts⊥(p0, p¯) ≡
1
p¯
uµΠ
µν
⊥ (p0, ~p)(gνα − uνuα)pα
=
1
p¯
pα(gαµ − uαuµ)Πµν⊥ (p0, ~p)uν = Πst⊥(p0, p¯) ,
Πss⊥ (p0, p¯)
≡ 1
p¯2
pα(gαµ − uαuµ)Πµν⊥ (p0, ~p) (gνβ − uνuβ)pβ ,
(B.6)
and v denotes the pion velocity in dense medium
v2 = 1− 1
F 2π
[
Π
tt
⊥(ω, p¯) + 2Π
ts
⊥(ω, p¯) + Π
ss
⊥ (ω, p¯)
]
.
(B.7)
In this expression, we have replaced ω˜ by ω, since the
difference is of higher order.
Substituting Eq. (B.5) into Eq. (B.2), we obtain
[
f tπ
]2
=
[
Πtt⊥(ω˜, p¯) +
1
v
Πts⊥(ω˜, p¯)
]
p0=ω˜
= F 2π +Π
tt
⊥(ω, p¯) + Π
ts
⊥(ω, p¯) +O(p4) , (B.8)
f tπf
s
π =
[−vΠts⊥(ω˜, p¯)−Πss⊥ (ω˜, p¯)]p0=ω˜
= F 2π −Π
ts
⊥(ω, p¯)−Π
ss
⊥ (ω, p¯) +O(p4) , (B.9)
This expression is consistent with the relation v2 =
fspi
ftpi
.
FIG. 2. The hadronic dense (loop) corrections to the vec-
tor-vector or axial-vector-axial-vector two-point functions.
The solid lines denote quasiquarks.
To compute (B.8) and (B.9), we need to compute
hadronic dense fluctuation (loop) terms given in Fig. 1
with (6) and (B.1). The results are
Πtt⊥(1)(p0, p¯) = −λ2Nc[2A¯0 − (4m2q + p¯2)B¯0(p0, p¯)
+B¯tt(p0, p¯)] ,
Πts⊥(1)(p0, p¯) = −λ2Nc
[
p0p¯ B¯0(p0, p¯) + B¯
ts(p0, p¯)
]
,
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Πss⊥(1)(p0, p¯) = λ
2Nc[2A¯0 − (4m2q − p20)B¯0(p0, p¯)
−B¯ss(p0, p¯)] ,
Πtt⊥(2)(p0, p¯) = −4Nc (NfcA1 + cA2)mqA¯0 ,
Πts⊥(2)(p0, p¯) = 0 ,
Πss⊥(2)(p0, p¯) = 4Nc (NfcA1 + cA2)mqA¯0 (B.10)
where the subscript (n) with n = 1, 2 represents the con-
tribution from the O(pn) Lagrangian and
A¯0 ≡ −
∫
d4k
i(2π)4
∆D(k) ,
B¯0(p0, p¯) ≡
∫
d4k
i(2π)4
[∆D(k)∆F (k − p)
+∆D(k − p)∆F (k)] ,
B¯µν(p0, p¯) ≡
∫
d4k
i(2π)4
(2k − p)µ(2k − p)ν
[∆D(k)∆F (k − p) + ∆D(k − p)∆F (k)] , (B.11)
Here ∆D(k) and ∆F (k) are given by
∆D(k) ≡ i π
ωmq (k¯)
δ
(
k0 − ωmq (k¯)
)
θ
(
PF − k¯
)
,
∆F (k) ≡ 1
k2 −m2q + iǫ
, (B.12)
with PF being the Fermi momentum of the quasiquark.
Now an explicit calculation gives
− 2A¯0 = 1
4π2
[
PFωF −m2q ln
PF + ωF
mq
]
,
B¯0(p¯, p¯) = 0 ,
B¯tt(p¯, p¯) =
1
4π2
[
−PFωF +m2q ln
PF + ωF
m
+P 2F ln
ωF + PF
ωF − PF
]
,
B¯ts(p0, p¯) =
p0
p¯
[
B¯S − B¯tt(p0, p¯)
]
,
B¯ss(p0, p¯) = −
(
1 +
p20
p¯2
)
B¯S +
p20
p¯2
B¯tt(p0, p¯)
B¯S ≡ pµpν
p2
B¯µν(p0, p¯) = −2A¯0 . (B.13)
Substituting (B.10) with (B.13) into (B.8) and (B.9), we
find that there are no hadronic dense loop contributions
at O(p4) from the O(p) Lagrangian (6):
δ(1)
[
f tπ
]2
= Π
tt
⊥(1)(p¯, p¯) + Π
ts
⊥(1)(p¯, p¯) = 0 ,
δ(1)
[
f tπf
s
π
]
= −Πts⊥(1)(p¯, p¯)−Π
ss
⊥(1)(p¯, p¯) = 0 . (B.14)
As for contributions at O(p5) from (B.1), the results are
δ(2)
[
f tπ
]2
= −4Nc (NfcA1 + cA2)mqA¯0 , (B.15)
δ(2)
[
f tπf
s
π
]
= −4Nc (NfcA1 + cA2)mqA¯0 . (B.16)
In the small mass limit mq ≪ PF , the corrections in
Eqs. (B.15) and (B.16) go as
δ(2)
[
f tπ
]2
= δ(2)
[
f tπf
s
π
]
−→
mq≪PF
Nc (NfcA1 + cA2)
mq P
2
F
2π2
. (B.17)
Thus at the fixed point (g, a,mq) = (0, 1, 0), the hadronic
dense loop corrections vanish. This means that we have
no contributions to f t,sπ from dense loop terms at the
critical point. Similarly there are no hadronic dense loop
corrections to the pion velocity, so we recover v = 1 at
the critical point.
APPENDIX C: VECTOR MESON MASS
In this appendix, we give details of the derivation of
Eq.(14) that represents the hadronic dense corrections to
the vector meson mass. The relevant piece of Lagrangian
that is additional to (6) is of O(p2) and has the form
δLQ(2V ) = ψ¯
{
cV 1tr
[
αˆ‖µαˆ
µ
‖
]
+ cV 2αˆ‖µαˆ
µ
‖
}
ψ
+ψ¯cV 3
[
αˆ‖µ , αˆ‖ν
]
[γµ , γν ]ψ , (C.1)
where cV 1, cV 2 and cV 3 are constants of mass dimension
−1 ‡‡‡. The tadpole diagrams from the Lagrangian in
Eq. (C.1) generate the O(p5) corrections to the second
term in Eq. (1). The divergent corrections which are
proportional to mq modify the RGE for Fσ, and thus
a. At the critical density these corrections vanish since
mq → 0 for µ→ µc.
From the Lagrangian in Eqs. (6) and (C.1) the vector-
vector two-point function ΠµνV gets the contributions
Π
µν(tree)
V (p) = F
2
σg
µν − 1
g2
(
gµνp2 − pµpν) , (C.2)
Π¯µνV (1)(p) = −(1− κ)2
[(
gµνp2 − pµpν) B¯0(p0, p¯)
+2gµνA¯0 + B¯
µν(p0, p¯)
]
, (C.3)
ΠµνV (2)(p0, ~p) = 2Ncg
µν (NfcV 1 + cV 2)
(−2A¯0) . (C.4)
As before, the subscript (n) for n = 1, 2 represents the
contribution from the O(pn) Lagrangian.
Let us define the vector meson mass through the gen-
eral form of the vector meson propagator at one-loop
level. In HLS at one-loop level, ΠµνV (p0, ~p), which is re-
lated to the inverse propagator as in Eq. (A.20), can be
written as
‡‡‡For Nf = 2, the cV 1-term and cV 2-term are not indepen-
dent. We can set, e.g., cV 2 = 0 without loss of generality.
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ΠµνV (p0, ~p) = F
2
σg
µν − 1
g2
(
gµνp2 − pµpν)
+Π
µν
V (p0, ~p) , (C.5)
where Π
µν
V (p0, ~p) denotes the hadronic dense/thermal
corrections. Then the components in Eq. (A.21) take
the following form:
ΠSV (p0; p¯) = F
2
σ + Π¯
S
V (p0; p¯) ,
ΠLV (p0; p¯) =
1
g2
p2 + Π¯LV (p0; p¯) ,
ΠTV (p0; p¯) =
1
g2
p2 + Π¯LT (p0; p¯) ,
ΠCV (p0; p¯) = Π¯
C
V (p0; p¯) . (C.6)
Since ΠCV (p0; p¯) part does not include O(1) contribution,
we can neglect ΠCV (p0; p¯) in the denominator of the prop-
agator in Eq. (A.22). Then the propagator of the field
Vµ is expressed as
− iDµν = PµνL
1
p2/g2 − F 2σ +
(
Π¯LV (p0; p¯)− Π¯SV (p0; p¯)
)
+ PµνT
1
p2/g2 − F 2σ +
(
Π¯TV (p0; p¯)− Π¯SV (p0; p¯)
)
+ PµνC
Π¯CV (p0; p¯)
F 2σ (p
2/g2 − F 2σ )
+ PµνD
1
F 2σ + Π¯
S
V (p0; p¯)
. (C.7)
The vector-meson pole mass obtained from the pole of
the longitudinal propagator at its rest frame is
m2ρL −M2ρ =
− g2Re (Π¯LV (p0 =Mρ; p¯ = 0)− Π¯SV (p0 =Mρ; p¯ = 0)) ,
(C.8)
where Mρ = gFσ is the tree level mass, and Re denotes
the real part. Here mρ is replaced by Mρ in the loop
corrections, since the difference is of higher order. When
one uses the transverse component, on the other hand,
the vector-meson pole mass is given by
m2ρT −M2ρ =
−g2Re (Π¯TV (p0 =Mρ; p¯ = 0)− Π¯SV (p0 =Mρ; p¯ = 0)) .
(C.9)
Consider now the O(p4) correction summarized in
Eq. (C.3). Decomposing it into four components as in
Eq. (A.21), we get
Π¯SV (1)(p0, p¯) = 0 ,
Π¯CV (1)(p0, p¯) = 0 ,
Π¯LV (1)(p0, p¯) = −(1− κ)2
[−p2B¯0(p0, p¯) + B¯L(p0, p¯)] ,
Π¯TV (1)(p0, p¯) = −(1− κ)2
[−p2B¯0(p0, p¯) + B¯T (p0, p¯)] .
(C.10)
By using the formulas at rest
B¯T (p0, p¯ = 0) = B¯L(p0, p¯ = 0)
=
2
3
B¯S +
p20 − 4m2q
3
B¯0(p0, p¯ = 0) (C.11)
and
B¯0(p0, p¯ = 0)
=
1
2
∫
d3~k
(2π)3
θ(PF − k¯)
ωmq(k¯)
1
p20 − 4ω2(k¯) + iǫ
=
1
8π2
[
− ln PF + ωF
mq
+
1
2
√
4m2q − p20 − iǫ
−p20 − iǫ
× ln
ωF
√
4m2q − p20 − iǫ+ PF
√
−p20 − iǫ
ωF
√
4m2q − p20 − iǫ− PF
√
−p20 − iǫ
]
, (C.12)
we obtain the corrections to the vector meson pole mass
as
δ(1)m
2
ρL = δ(1)m
2
ρT
=
2
3
g2(1 − κ)2
×
[
B¯S − (M2ρ + 2m2q)Re B¯0(p0 =Mρ, 0)
]
.
(C.13)
When we take Mρ,mq ≪ PF limit, the above expression
becomes
δ(1)m
2
ρL
∣∣
Mρ,mq≪PF
= δ(1)m
2
ρT
∣∣
Mρ,mq≪PF
=
g2
6π2
(1 − κ)2P 2F . (C.14)
Next, let us include the higher order correction
(O(p5)). From the corrections summarized in Eq. (C.4),
we obtain
Π¯SV (2)(p0, p¯) = 2Nc (NfcV 1 + cV 2) B¯S ,
Π¯CV (2)(p0, p¯) = Π¯
L
V (2)(p0, p¯) = Π¯
T
V (2)(p0, p¯) = 0 . (C.15)
Then, the corrections to the vector meson pole masses
are
δ(2)m
2
ρL = δ(2)m
2
ρT = g
2 2Nc (NfcV 1 + cV 2) B¯S . (C.16)
In the Mρ,mq ≪ PF limit, this expression is reduced to
δ(2)m
2
ρL
∣∣
Mρ,mq≪PF
= δ(2)m
2
ρT
∣∣
Mρ,mq≪PF
=
g2
2π2
Nc (NfcV 1 + cV 2) P
2
F . (C.17)
Note that up to O(p6) corrections, the longitudinal and
transverse pole masses are the same. This is the rea-
son for the Lorentz invariant structure of the ρ mass in
Eq.(14).
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APPENDIX D: MK THEOREM
In this appendix we sketch how to go from the RGEs
in M to the RGEs in µ [24]. As noted in the text, the
reasoning is applicable to fundamental theories such as
QED or QCD (in weak-coupling sector), but not without
modifications to effective theories such as HLS except
perhaps for low temperature or low density.
Denote the renormalized thermodynamic potential
ΩR(h
R
i , F
R
π ,m
R
q , µ,M) where hi stands generically for
h1 = g, h2 = a and h3 = λ (that is, Ω(hi) stands for
Ω(h1, h2, h3)) , µ is the chemical potential and M is the
renormalization scale parameter. The RG invariance con-
dition that M ddMΩR = 0 gives[
M ∂
∂M + β(h
R
i )
∂
∂hRi
−mRq γm
∂
∂mRq
− FRπ γf
∂
∂FRπ
]
×ΩR(hRi , FRπ ,mRq , µ,M) = 0 , (D.1)
where
β(hRi ) =M
∂hRi
∂M ,
γm = − 1
mRq
M∂m
R
q
∂M ,
γf = − 1
FRπ
M∂Fπ
∂M (D.2)
Since the thermodynamic potential (or pressure) has a
mass dimension 4, it should satisfy the identity[
M ∂
∂M + µ
∂
∂µ
+mRq
∂
∂mRq
+ FRπ
∂
∂FRπ
]
×ΩR(hRi , FRπ ,mRq , µ,M)
= 4ΩR(h
R
i , F
R
π ,m
R
q , µ,M) . (D.3)
By combining (D.1) and (D.3), we can obtain
[µ
∂
∂µ
−
∑
i
β(hRi )
∂
∂hRi
+mRq (1 + γmRq )
∂
∂mRq
+FRπ (1 + γf )
∂
∂FRπ
− 4]ΩR(hRi , FRπ ,mRq , µ,M) = 0. (D.4)
In the low density region we expect that the “intrinsic”
density dependence of the bare theory is small, and thus
we introduce the following ansatz
ΩR(h
R
i , F
R
π ,m
R
q , µ,M)
= µ4Ω¯R(h
R
i , F
R
π ,m
R
q , µ,M). (D.5)
Then Ω¯R satisfies[
µ
∂
∂µ
−
∑
i
β(hi(µ))
∂
∂hi(µ)
+mq(µ)(1 + γm)
∂
∂mq(µ)
+Fπ(µ)(1 + γf (µ))
∂
∂Fπ(µ)
]
×Ω¯R(hi(µ), Fπ(µ),mq(µ), µ,M) = 0 , (D.6)
where,
µ
∂hi(µ)
∂µ
= βi(hi(µ))
µ
∂mq(µ)
∂µ
= −[1 + γm(hi(µ))]mq(µ)
µ
∂Fπ(µ)
∂µ
= −[1 + γf (hi(µ))]Fπ(µ) (D.7)
with the conditions
hi(µ)|µ=M = hRi (D.8)
etc. From (D.6) and (D.7), Eqs.(16) follow. For instance
we have for Fπ
µ
∂F 2π
∂µ
= −2F 2π [1−
1
2F 2π
µ
∂F 2π
∂µ
]
= −2F 2π + C[3a2g2F 2π + 2(2− a)µ2]
− m
2
q
2π2
λ2Nc. (D.9)
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